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An Alternative Decomposition
of the Strain Gradient Tensor
An alternative decomposition of the strain gradient tensor is proposed in this paper in
order to ensure that the deviatoric strain gradient vanishes for an arbitrary volumetric
strain field, which is consistent with the physical picture of plastic deformation. The
theory of mechanism-based strain gradient (MSG) plasticity is then modified accordingly
based on this new decomposition. The numerical study of the crack-tip field based on the
new theory shows that the crack tip in MSG plasticity has the square-root singularity, and
the stress level is much higher than the HRR field in classical plasticity.
关DOI: 10.1115/1.1430666兴

Introduction

Fleck and Hutchinson 关1兴 proposed a phenomenological theory
of strain gradient plasticity in order to characterize the size dependence observed in the micron and submicron scale experiments
共关2–9兴兲. The strain gradient tensor  i jk ⫽u k,i j is decomposed into
a volumetric part  iHjk and a deviatoric part  i⬘jk ,  i jk ⫽  iHjk
⫹  i⬘jk , where u k is the displacement, and  iHjk ⫽1/4 ( ␦ ik  j p p
⫹ ␦ jk  ip p ) 共关10兴兲. Within the same theoretical framework 共关1兴兲,
Gao, Huang and co-workers 共关11,12兴兲 developed the mechanismbased strain gradient 共MSG兲 plasticity theory from the Taylor
model in dislocation mechanics, and the theory agrees very well
with the micro-indentation, microtorsion, and microbend experiments 共关13,14兴兲.
Hwang and Inoue 关15兴 investigated the strain gradient effect for
the following displacement field:
u 1 ⫽A 共 x 21 ⫺x 22 ⫺x 23 兲 ⫹2Bx 1 x 2 ⫹2Cx 1 x 3 ,
u 2 ⫽2Ax 1 x 2 ⫹B 共 ⫺x 21 ⫹x 22 ⫺x 23 兲 ⫹2Cx 2 x 3 ,

(1)

u 3 ⫽2Ax 1 x 3 ⫹2Bx 2 x 3 ⫹C 共 ⫺x 21 ⫺x 22 ⫹x 23 兲 ,
where A, B, and C are constants. It gives a pure volumetric strain
field,  i j ⫽2(Ax 1 ⫹Bx 2 ⫹Cx 3 ) ␦ i j , i.e., the deviatoric strain field
 i⬘j vanishes. The strain gradient field, however, is not pure volumetric because the deviatoric strain gradient field does not vanish,
 i⬘jk ⫽0. It is quite puzzling that a pure volumetric strain field
gives a deviatoric strain gradient field because the former implies
no plastic deformation 共since plastic deformation is always deviatoric兲 while the latter represents the plastic deformation associated
with the geometrically necessary dislocations 共关11兴兲. It should be
pointed out that the above puzzle between the volumetric strain
field and deviatoric strain gradient field does not apply to the flow
theories of strain gradient plasticity 共关1,16 –19兴兲 because of the
clear distinction between the plastic strain and the total strain. It
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does not affect the deformation theory of MSG plasticity 共关11,12兴兲
either since the theory assumes material incompressibility.
An alternative decomposition of the strain gradient tensor is
proposed in this study,

 i jk ⫽ ¯ iHjk ⫹ ¯ i⬘jk ,

(2)

which gives a vanishing deviatoric part ¯ i⬘jk for an arbitrary volumetric strain field. The theory of MSG plasticity 共关11,12兴兲 is then
generated accordingly to include the elastic deformation. Finally,
we study the crack-tip field with the elastic-plastic theory of MSG
plasticity, and show that the stress field around the crack tip has
the square-root singularity.

2

Decomposition of the Strain Gradient Tensor

Because the strain gradient tensor can be expressed in terms of
the strain,  i jk ⫽ ik, j ⫹ jk,i ⫺ i j,k , a natural way to define the
deviatoric strain gradient is to replace the strain by its deviatoric
part  i⬘j (⫽ i j ⫺1/3 kk ␦ i j ) in the above relation, i.e.,

⬘ j ⫹ ⬘jk,i ⫺ i⬘j,k ,
¯ i⬘jk ⫽ ik,

(3)

which clearly vanishes for a purely volumetric strain field 关e.g.,
共1兲兴. The corresponding volumetric part of the strain gradient tensor becomes
1
1
1
¯ iHjk ⫽  i jk ⫺ ¯ i⬘jk ⫽  p p, j ␦ ik ⫹  p p,i ␦ jk ⫺  p p,k ␦ i j .
3
3
3

(4)

The above decomposition is different from the existing strain gradient theories 共关1,11,12兴兲, and it ensures that the deviatoric and
volumetric part of the strain gradient field result from the deviatoric and volumetric strain fields, respectively.
The higher-order stress, which is the work conjugate of the
strain gradient tensor, is decomposition differently,  i jk ⫽¯ iHjk
⫹¯ i⬘jk , such that the virtual work done by the higher-order stress
can be separated into the hydrostatic and deviatoric parts

␦ w⫽  i jk ␦ i jk ⫽¯ iHjk ␦
¯ iHjk ⫹¯ i⬘jk ␦
¯ i⬘jk .
¯ iHjk ␦
¯ i⬘jk

(5)

¯ i⬘jk ␦
¯ iHjk

and
to vanish,
This requires the cross terms
which gives the unique decomposition of the higher-order stress
as

Copyright © 2002 by ASME

¯ i⬘jk ⫽  i jk ⫺¯ iHjk ,

(6)
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Fig. 1 The effective stress  e normalized by the uniaxial yield stress  Y
versus the normalized distance to the crack tip, r Õ l , ahead of the crack tip,
where l is the intrinsic material length in strain gradient plasticity; the plastic work hardening exponent N Ä0.2, Poisson’s ratio  Ä0.3, the ratio of yield
stress to elastic modulus  Y Õ E Ä0.2 percent, and the remotely applied elastic stress intensity factor K I Õ  Y l 1Õ2Ä20
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(7)

 i jk ⫽l 2

Unlike other strain gradient theories 共关1,11,12兴兲, the decomposition of the higher-order stress  i jk is different from that of the
strain gradient  i jk .

⫹

3 The Elastic-Plastic Theory of Mechanism-Based
Strain Gradient Plasticity
Let  ⫽  ref f () be the uniaxial stress-strain relation, and  ref
be a reference stress in uniaxial tension. The flow stress  in MSG
plasticity is established from Taylor model in dislocation mechanics as 共关13兴兲
2
 ⫽ 冑 ref
f 2 共  兲 ⫹18␣ 2  2 b  ⫽  ref冑 f 2 共  兲 ⫹l  ,

(8)

where ⫽ 冑2/3 i⬘j  i⬘j is the effective strain,  the shear modulus,
b the Burgers vector, ␣ (0.1⬃0.5) an empirical material constant
in the Taylor dislocation model, and the effective strain gradient 
is determined by three dislocation models 共关11兴兲 for an incompressible solid as  ⫽1/2冑 i⬘jk  i⬘jk . Here the deviatoric strain gradient tensor  i⬘jk is the same as ¯ i⬘jk in 共3兲 for an incompressible
solid, therefore a natural generalization of  for an elastic-plastic
共compressible兲 solid is

⫽

1
冑¯ i⬘jk ¯ i⬘jk .
2

(9)

The parameter l in 共8兲 is the intrinsic material length in strain
gradient plasticity given by
l⫽18␣ 2

冉 冊

 2
b,
 ref

(10)

which is on the order of a few microns.
Following the same multiscale approach 共关11兴兲, we have established the constitutive law for the elastic-plastic theory of MSG
plasticity based on the alternative decomposition of the strain gradient tensor in 共2兲–共4兲.

 i j ⫽K kk ␦ i j ⫹
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2
⬘ ,
3 i j

(11)

K

共 ␦  ⫹ ␦ jk  i p p 兲 ⫹ 共 ⌳ i jk ⫺⌸ i jk 兲
24 ik j p p


册

2
 ref
f 共  兲 f ⬘共  兲
⌸ i jk ,


(12)

where K is the elastic bulk modulus;  is the flow stress in 共8兲;
⌳ i jk ⫽

⬘
 mn
1
⬘ j 兲 , ⌸ i jk ⫽
⬘ 兲;
 i⬘jk ⫹ ¯ k⬘ ji ⫹ ¯ ki
 ⬘ ⫹ ⬘jk ¯ imn
共2¯
共⬘ ¯
72
54 2 ik jmn
(13)

l  ⫽10(  /  Y )b, and  Y is the initial yield stress in uniaxial tension.

4

Crack-Tip Singularity in MSG Plasticity

We use the finite element method for the elastic-plastic theory
of MSG plasticity to investigate the mode I crack-tip field and
crack-tip singularity. A semi-infinite crack in an infinite elasticplastic solid remains traction-free on the crack face. The elastic K
field is imposed on the remote boundary. The plastic workhardening exponent N⫽0.2, the ratio of yield stress to Young’s
Modulus  Y /E⫽0.2 percent and Poisson’s ratio  ⫽0.3. Details
of the numerical analysis are omitted in this paper.
Figure 1 shows the normalized Von Mises effective stress,
 e /  Y , versus the nondimensional distance to the crack tip, r/l,
ahead of the crack tip, where  Y is the yield stress and l is the
intrinsic material length in strain gradient plasticity. The results
are presented for both the elastic-plastic theory of MSG plasticity
and the classical theory of plasticity 共i.e., without strain gradient
effects兲. The remote applied stress intensity factor is K I /  Y l 1/2
⫽20. The horizontal line of  e /  Y ⫽1 separates the elastic and
plastic zones. Outside the plastic zone, both curves emerge to the
same straight lines with the slope of ⫺1/2, corresponding to the
elastic K field with the square-root singularity. Within the plastic
zone, the two curves are also essentially the same at a distance
larger than 0.4l to the crack tip. Within 0.4l to the crack tip, MSG
plasticity theory predicts significantly larger stresses than their
counterparts in classical plasticity. Moreover, classical plasticity
theory gives a straight line with the slope of ⫺N/(N⫹1), corresponding to the HRR field 共关20,21兴兲, while MSG plasticity theory
Transactions of the ASME

gives another straight line of slope ⫺1/2, corresponding to the
square-root singularity. In other words, stresses have the squareroot singularity around a crack tip in MSG plasticity.

5

Concluding Remarks

We have proposed an alternative decomposition of the strain
gradient tensor in order to ensure that the deviatoric strain gradient tensor vanishes for an arbitrary volumetric strain field  i j
⫽(x) ␦ i j . This is consistent with the physical picture of plastic
deformation since a pure volumetric strain field does not correspond to any plastic deformation 共and therefore no dislocation
activities兲 such that the deviatoric strain gradient should vanish
since the latter is related to the density of geometrically necessary
dislocations. We have modified the theory of mechanism-based
strain gradient 共MSG兲 plasticity 共关11–13兴兲 according to this new
decomposition of the strain gradient tensor. We have then used the
finite element method to investigate the crack-tip field in MSG
plasticity, and have established that the crack tip has the squareroot singularity. Within a distance on the order of microns to crack
tip, the stress level predicted by MSG plasticity is significantly
higher than the HRR field for classical plasticity.

Acknowledgments
YH acknowledges an insightful discussion with Prof. J. W.
Hutchinson of Harvard University, and the support from NSF
共grant CMS-0084980 and a supplement for the grant CMS9896285 from the NSF International Program兲 and from NSFC.
KCH acknowledges the support from NSFC and Ministry of Education of China.

References
关1兴 Fleck, N. A., and Hutchinson, J. W., 1997, ‘‘Strain Gradient Plasticity,’’ Adv.
Appl. Mech., 33, pp. 295–361.
关2兴 De Guzman, M. S., Neubauer, G., Flinn, P., and Nix, W. D., 1993, ‘‘The Role
of Indentation Depth on the Measured Hardness of Materials,’’ Mat. Res. Sym.
Proc., 308, pp. 613– 618.
关3兴 Stelmashenko, N. A., Walls, M. G., Brown, L. M., and Milman, Y. V., 1993,
‘‘Microindentation on W and Mo Oriented Single Crystals: An STM Study,’’
Acta Metall. Mater., 41, pp. 2855–2865.

Journal of Applied Mechanics

关4兴 Fleck, N. A., Muller, G. M., Ashby, M. F., and Hutchinson, J. W., 1994,
‘‘Strain Gradient Plasticity: Theory and Experiments,’’ Acta Metall. Mater., 42,
pp. 475– 487.
关5兴 Lloyd, D. J., 1994, ‘‘Particle Reinforced Aluminum and Magnesium Matrix
Composites,’’ Int. Mater. Rev., 39, pp. 1–23.
关6兴 Ma, Q., and Clarke, D. R., 1995, ‘‘Size Dependent Hardness of Silver Single
Crystals,’’ J. Mater. Res., 10, pp. 853– 863.
关7兴 Poole, W. J., Ashby, M. F., and Fleck, N. A., 1996, ‘‘Micro-hardness of Annealed and Work-Hardened Copper Polycrystals,’’ Scr. Metall. Mater., 34, pp.
559–564.
关8兴 McElhaney, K. W., Vlassak, J. J., and Nix, W. D., 1998, ‘‘Determination of
Indenter Tip Geometry and Indentation Contact Area for Depth-Sensing Indentation Experiments,’’ J. Mater. Res., 13, pp. 1300–1306.
关9兴 Stolken, J. S., and Evans, A. G., 1998, ‘‘A Microbend Test Method for Measuring the Plasticity Length Scale,’’ Acta Mater., 46, pp. 5109–5115.
关10兴 Smyshlyaev, V. P., and Fleck, N. A., 1996, ‘‘Role of Strain Gradients in the
Grain Size Effect for Polycrystals,’’ J. Mech. Phys. Solids, 44, pp. 465– 495.
关11兴 Gao, H., Huang, Y., Nix, W. D., and Hutchinson, J. W., 1999, ‘‘MechanismBased Strain Gradient Plasticity—I. Theory,’’ J. Mech. Phys. Solids, 47, pp.
1239–1263.
关12兴 Huang, Y., Gao, H., Nix, W. D., and Hutchinson, J. W., 2000, ‘‘MechanismBased Strain Gradient Plasticity—II. Analysis,’’ J. Mech. Phys. Solids, 48, pp.
99–128.
关13兴 Huang, Y., Xue, Z., Gao, H., Nix, W. D., and Xia, Z. C., 2000, ‘‘A Study of
Micro-Indentation Hardness Tests by Mechanism-Based Strain Gradient Plasticity,’’ J. Mater. Res., 15, pp. 1786 –1796.
关14兴 Gao, H., Huang, Y., and Nix, W. D., 1999, ‘‘Modeling Plasticity at the Micrometer Scale,’’ Naturwissenschaften, 86, pp. 507–515.
关15兴 Hwang, K. C., and Inoue, T., 1998, ‘‘Recent Advances in Strain Gradient
Plasticity,’’ Mat. Sci. Res. Int., 4, pp. 227–238.
关16兴 Acharya, A., and Bassani, J. L., 2000, ‘‘Lattice Incompatibility and a Gradient
Theory of Crystal Plasticity,’’ J. Mech. Phys. Solids, 48, pp. 1565–1595.
关17兴 Acharya, A., and Beaudoin, A. J., 2000, ‘‘Grain-Size Effect in Viscoplastic
Polycrystals at Moderate Strains,’’ J. Mech. Phys. Solids, 48, pp. 2213–2230.
关18兴 Dai, H., and Parks, D. M., 2001, ‘‘Geometrically Necessary Dislocation Density in Continuum Crystal Plasticity Theory and FEM Implementation,’’ unpublished manuscript.
关19兴 Qiu, X., Huang, Y., Wei, Y., Gao, H., and Hwang, K. C., 2001, ‘‘The Flow
Theory of Mechanism-Based Strain Gradient Plasticity,’’ submitted for publication.
关20兴 Hutchinson, J. W., 1968, ‘‘Singular Behavior at the End of a Tensile Crack in
a Hardening Material,’’ J. Mech. Phys. Solids, 16, pp. 13–31.
关21兴 Rice, J. R., and Rosengren, G. F., 1968, ‘‘Plane Strain Deformation Near a
Crack Tip in a Power Law Hardening Material,’’ J. Mech. Phys. Solids, 16, pp.
1–12.

MARCH 2002, Vol. 69 Õ 141

